In the present paper we introduce the modular sequence spaces generated by Cesaro mean of order one over n-normed spaces. We also study several properties relevant to topological and algebraic structures of these spaces.
Introduction and Preliminaries
The concept of 2-normed spaces was initially developed by Gähler [1] in the mid of 1960's, while that of n-normed spaces one can see in Misiak [2] . Since then, many others have studied this concept and obtained various results, see Gunawan [3, 4] and Gunawan and Mashadi [5] . For more details about the sequence spaces over n-normed spaces see [6, 7] .
Let n ∈ N and X be a linear space over the field K, where K is field of real or complex numbers of dimension d, where d ≥ n ≥ 2. A real valued function ||·, · · · , ·|| on X n satisfying the following four conditions:
(1) ||x 1 , x 2 , · · · , x n || = 0 if and only if x 1 , x 2 , · · · , x n are linearly dependent in X; (2) ||x 1 , x 2 , · · · , x n || is invariant under permutation; (3) ||αx 1 , x 2 , · · · , x n || = |α| ||x 1 , x 2 , · · · , x n || for any α ∈ K, and (4) ||x + x ′ , x 2 , · · · , x n || ≤ ||x, x 2 , · · · , x n || + ||x ′ , x 2 , · · · , x n || is called an n-norm on X, and the pair (X, ||·, · · · , ·||) is called a n-normed space over the field K. For example, we may take X = R n being equipped with the n-norm ||x 1 , x 2 , · · · , x n || E = the volume of the n-dimensional parallelopiped spanned by the vectors x 1 , x 2 , · · · , x n which may be given explicitly by the formula
Let (X, ||·, · · · , ·||) be an n-normed space of dimension d ≥ n ≥ 2 and {a 1 , a 2 , · · · , a n } be linearly independent set in X. Then the following function ||·, · · · , ·|| ∞ on X n−1 defined by
defines an (n − 1)-norm on X with respect to {a 1 , a 2 , · · · , a n }.
A sequence (x k ) in a n-normed space (X, ||·, · · · , ·||) is said to be Cauchy if
If every cauchy sequence in X converges to some L ∈ X, then X is said to be complete with respect to the n-norm. Any complete n-normed space is said to be n-Banach space.
An orlicz function M is a function, which is continuous, non-decreasing and convex with
Lindenstrauss and Tzafriri [8] used the idea of Orlicz function to define the following sequence space. Let w be the space of all real or complex sequences x = (x k ), then
which is called as an Orlicz sequence space. The space ℓ M is a Banach space with the norm
The space ℓ M is closely related to the space ℓ p which is an Orlicz sequence space with M (x) = x p for 1 ≤ p < ∞. The study of Orlicz sequence spaces was initiated with a certain specific purpose in Banach space theory. Indeed, Lindberg got interested in orlicz spaces in connection with finding Banach spaces with symmetric Schauder bases having complementary subspaces isomorphic to c 0 or ℓ p (1 ≤ p < ∞). Subsequently Lindenstrauss and Tzafriri studied these Orlicz sequence spaces in more detail, and solved many important and interesting structural problems in Banach spaces. Later on, different classes of sequence spaces defined by Orlicz function were studied by many others.
A sequence M = (M k ) of Orlicz function is called a Musielak-Orlicz function see [9, 10] . A sequence
is called the complementary function of a Musielak-Orlicz function M. For a given Musielak-Orlicz function M, the Musielak-Orlicz sequence space t M and its subspace h M are defined as follows
where I M is a convex modular defined by
We consider t M equipped with the Luxemburg norm
or equipped with the Orlicz norm
Another generalization of Orlicz sequence spaces is due to Woo [11] i.e. let {M k } be a sequence of Orlicz functions. Then Woo defined the vector space ℓ{M k } as
and ℓ{M k } becomes a Banach space equipped with the norm
The sequence space ℓ{M k } is called a modular sequence space. The space ℓ{M k } also generalizes the concept of modulared sequence space introduced earlier by Nakano [12] , who considered the space
For more details about modular sequence spaces see [13, 14] . The ∆ 2 -condition is equivalent to M (Lx) ≤ kLM (x) for all values of x ≥ 0, and for L > 1.
Let M = (M k ) be a Musielak-orlicz function and C = (c nk ) ∞ n,k=0 be the cesaro matrix of order one with c nk = 1 k+1 if 0 ≤ k ≤ n and c nk = 0, otherwise. In this paper we define the following classes of sequences:
In the present paper we study several properties relevant to topological and algebraic structures of these spaces. Proof Let x, y ∈ l(M, C, ∥., ..., .∥) and α, β ∈ C. Then there exist positive numbers ρ 1 and ρ 2 such that
is non decreasing and convex, we have
., .∥). Hence l(M, C, ∥., ..., .∥) is a linear space. Theorem 2.2 Let M = (M k ) be a Musielak-orlicz function. Then l(M, C, ∥., ..., .∥) is a normed linear space normed by
Proof If x = θ, where θ is the zero sequence then it is obvious that ∥x∥ = 0. Conversely assume ∥x∥ = 0. Then by using the definition of norm, we have inf { ρ > 0 :
This implies that for a given ϵ > 0, there exists some ρ ϵ (0 < ρ ϵ < ϵ) such that
It follows that
Assume that
This implies that
This is a contradiction. Therefore
It follows that (x k ) = 0 for all k ≥ 1. Hence x = θ. Now let x, y ∈ l(M, C, ∥., ..., .∥) and let us choose ρ 1 > 0 and ρ 2 > 0 such that
Then by using Minkowski's inequality, we have
) .
Hence ∥x + y∥ ≤ ∥x∥ + ∥y∥. Finally let λ be a given non-zero scalar, then we have
Hence ∥λx∥ = |λ|∥x∥. This completes the proof.
., .∥).
Proof The proof is easy so we omit it.
We write
and consider
where the first summation is over y k ≤ δ and the second summation over y k > δ. Now we have 
This completes the proof.
We shall write f ≈ g for non negative functions f and g whenever c 1 f ≤ g ≤ c 2 f for some c j > 0, j = 1, 2.
Proof It is obvious. 
Thus, we have
and k ∈ N. Since M k is non decreasing and so for each k ∈ N, we have
Hence it follows that (x s k ) is a Cauchy sequence in C for each k ∈ N, But C is complete and so (x s k ) is converges in C for each k ∈ N. Let lim 
